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Maximal Element

Suppose that R ⊆ X × X is a relation on X and Y ⊆ X.

x ∈ Y is a maximal element of Y provided that there is no z ∈ Y such that
z ̸= x, z R x, and not-x R z.

x ∈ Y is maximal if there is no other element of Y that is strictly R-related to x.
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Suppose that R is a relation on X and that Y ⊆ X.
x ∈ Y is a maximal element of Y provided that there is no z ∈ Y such that
z ̸= x, z R x, and not-x R z.

Suppose that X = {a, b, c, d}. Consider the following relations on X:
▶ R = {(a, b), (b, c), (a, c), (d, a), (d, b), (d, c)}.

The set of maximal elements of {a, b, c} is {a}

▶ R = {(a, b), (a, b), (b, c), (a, c), (d, a), (d, b), (d, c)}.
The set of maximal elements of {a, b, c} is {a, b}

▶ R = {((a, c), (b, c), (d, a), (d, b), (d, c)}.
The set of maximal elements of {a, b, c} is {a, b}

▶ R = {((a, b), (b, c), (c, a), (d, a), (d, b), (d, c)}.
The set of maximal elements of {a, b, c} is ∅
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Suppose that X is a set and that (P, I) is a rational preference on X for some
decision maker.

The set of maximal elements of a set Y ⊆ X for the decision maker is the set of
maximal elements with respect to the strict preference P.

That is, y ∈ Y is maximal for a decision maker with rational preference (P, I) if
there is no other element of Y that is strictly preferred to y.
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Rational Choice

Suppose that X is set and A ⊆ X, and that (P, I) is a rational preference on X
representing a decision maker’s preferences.

x ∈ A is a rational choice for the decision maker if x is a maximal element of
A with respect to (P, I).
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Key Properties of Maximal Elements

Suppose that (P, I) is a rational preference on X.

For any A ⊆ X, there is always at least one maximal element of A (so there is
always at least one rational choice with respect to (P, I).

Property α: Suppose that A ⊆ B ⊆ X. If x ∈ B is maximal in B for (P, I) and
x ∈ A, then x is maximal in A for (P, I)

Property β: Suppose that A ⊆ X and B ⊆ X and that x, y are in both A and B.
If x and y are both maximal in A for (P, I) and x is maxinal in B for (P, I), then
y is maximal B for (P, I).
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